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263 ] 

X X X .  Theory of Ionization Fluctuations 

By J. E. Mo~aL* 
Department of Mathematics, The University, Ma.nchester~ 

[R, eceived August 20, 19,54] 

SUMMARY 

The distr ibutions of  the loss of energy by  ionization of a fast  pr imary  
and of  the  numbers  of ion pairs it. produces are derived. I t  is shown tha t  
down to quite small values of  the pr imary  ionization, both can be 
represented by  the  same ' un ive r s a l "  dis tr ibut ion if the variables are 
reduced by  a proper  choice of  scale and origin, which accounts  for the 
exper imental  fact  t ha t  ion pair  numbers  are propor t ional  to  p r imary  
energy loss. These conclusions remain valid when one takes into account  
quantum resonance effects and the details of a tomic s t ructure  of the 
ahsorber. 

§ I. [N'rlCODU('T[ON 

"['HE main object  of  the present  paper  is to derive expt'essious fbr tim 
distr ibutions of (a) the  loss of energy by  ionization of a fast primat'y 
particle passing th rough  an absorbing medium : (b) the uumbers  of ion- 
pailu produced by such a particle. We shall t ry  in par t icular  to explahl 
the exper imenta l  fact  t ha t  these two distr ibutions are very approxinla te ly  
proport ionM to each o ther :  i.e. t ha t  the energy lost by the  p r imary  
particle per ion-pair produced is approximate ly  constant  (of the order  
of 35 ev). 

Landau  (1944) has shown tha t  under certain si.mplit~qng assmnpti(ms. 
the distr ibution of  energy loss can be expressed as a univm'sal curve iJ~ 
terms of  certain reduced energy variables (depending on the charge, 
mass and veloci ty of  the pr imary,  the  atomic propert ies  and the thickness 
of  the absorber).  We shall first derive a closed analyt ic  expression for 
Landau 's  distribution.  In view of discrepancies between this distr ibution 
and the results of  recent  exper imenta l  work (see West  1(.}53) wc shall 
examine  possible depar tures  f rom it due t o :  (a) small thicknesses of 
absorber ;  (b) the  influence of the detailed atomic s t ruc ture  of  the 
absorber :  (c) the influence of quan tum resonance effects in dista~t, 
(~llisions. Finally, we shall derive a theoret ical  expression [br the 
dis t r ibut ion of  the umnbers  of ion pairs produced by the pr imary.  This 
will allow us to decide whether  these discrepancies can be due to tile usual 

* Communicated by G. D. l~ochester. 
At present at the F.B.S. Falkiner Nuclear Research and Adolph Basset 

Computing Laboratories~ School of Physics, The University of Sydney, Sydney, 
Austra, lia. 

S~R. 7- V()L. 46, XO. 374.  -~]A~(:H I955 T 
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264 J . E .  Moyal o'.. the 

assumption made  in cloud chamber,  ionization chamber  and propor-  
t ional counter  work of  a constant  energy loss per  ion-pair.  The  experi- 
menta l  evidence will be analysed in a for thcoming paper  b y  Owen and 
E y e i o n s ;  a review of the subject  hy Price will appear  in Reports o ' .  

Progr~&~ i~ Phy,~ic,~. 

§ 2. (.~ENERAL 14]XPRESSION FOR THE I(}NIZATIO~ ENERGY 
! )ISTI~IBITTION 

In deriving an expression for the ionization energy distr ibution,  we 
shall make the following assumptions : 

(1) Successive ionizing collisions are statist ically independent .  
(2) The to ta l  energy loss of the  p r imary  is very  mucll smaller than  its 

initiM energy, and hence the decrease of  p r imary  energy m a y  be neglected. 
Our theory  will not  therefore  apply  to slow primaries or great, thicknesses 
of absorber. We also assume tha t  energy losses due to radiation or  
nuclear interact ions are negligible. 

(3) The absorbing medium has a homogeneous const i tut ion.  
\Ve shall develop the theory  first for an a rb i t ra ry  total  cross section 

atE). where Na(E )dE  dt is the probabi l i ty  of an energy loss between 
E and E + d E  in an absorber  thickness dt, N being the  number  of  absorber  
a toms per refit volume. The pri~,ary io~izatio~ rate is then  

• 0 o  

q=N. ,  o atE) dE, 

and the ionization energy (listril)ution per collision is 

V a , :~ 
¢(E)-  " .a(E) ,,-it.h ¢(E) dE=- [ 

¢] • 0 

(q dl is the probabili ty of an ionizing collision it, the thickness dt, 
¢(E) dE the i)robal)ility of an energ.v loss between E and E-LdE give:, 
that  a collision has occm'ved). 

l~et x(E, t) dE be the Frobabi l i ty  of an energy loss between E and  E @ d E  
in a thickness t. It is easily' seen t(~ follow from assumptions (2.l),  
(2.2) and (2.31 that  

. ];' 

x(E.I ,  - l,_,) t X (E H:'IJ)X(W't2)dI'I. (2.1) 
• 0 

For  a small thickness 3t. the iwobabilit.v tha t  IIo energy is lost is 
t-qSt-} o($t): the probabil i ty  ()f an energy loss between E a.nd PJ@dE 
is q¢(E) dE~t+o(3t) : hence 

x(E, 3t)=- (I --qSt)~(E)~q¢(E)$t+o($t) ; (2.2) 

in 1)articular, x(E, 0 ) : $ ( E ) . *  
\Ve introduce the 1,aplace t.ran~fi)rm of x(E, t) : 

-co 

M(~. , / )=  t ex 1, (--aE)x(E. l) dE (2.3) 
• 0 

* The l)ira~. 8-f i lnct ion ~(E) should not be eonfilsed w i th  81. 
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7'heory of lo~dzation Fluctuations 265 

It tbllows t~om (2.1) t h a t  

M(~., tl@t2)=M(~, tOM(~ , t2) . . . . . .  (2.4) 

and hence ti'om (2.2) and (2.4) (noting tha t  M(a, 0 ) = 1 )  tha t  

0M(~, t) 
Ot - Jim ~ {M(~,  3 t ) - -~IM(~ ,  t) 

~t *(| 

't i : lira ~. (1--qSt)-?@t exp ( -  ~E)¢(E) dE'+o(3t)--1 M(e, t) 
')l ÷ 0  0 

q [exp ( - a E ) - -  1 ' dE~ M(~. t) . . . . . .  {2.5} =~ ]¢(~) 

The ~olution of  the differential eqn. (2.5) with initial condit ion M(~, 0 ) =  I 

M(~ . . t )=exp  qt ] exp(  ~E)--I]¢(N)dBl=explQR(c¢)],  (2.(i) 
0 • 

where q = q t  is the mean number qf collisions (i.e. the primary ionization) 
in the thieknes~ t, and 

R(~)=- | lexp ( - -aE) - - - I ]¢ (E)  dE . . . . .  (2.7) 
J 0 

The s tandard inversion formula  fi)r Laplace t ransforms then  gives 

1 i " e i - i ~  
x ( E ' Q ) = ~ . I , .  ~ e x p ] Q R ( z ) + z E ] d z  (2.8) 

(it is convenient  to  express X in terms of the mean collision mlmber  (t) 
instead of  the thickness t). 

An asympto t ic  expansion for X may  be found from (2.8) by the saddle 
point me thod  (see e.g. Jeffreys 1946 and l)aniels 1954). As is usual in 
applications of  this method,  we can accept  as a sufficient approximat ion  
to X the  first, term of  this expansion, namely,  the expression 

1 
x(l':. (2) dE  . . . .  I2~QR"(~)] '/~- exp {QIR(~'.)- ~.R'(~)]} dE.  (2.'a) 

(~ 

where u~ is relate(I to E by the exl)ressiou 

E =  qR'(~) q t ~' exp (--~/~)¢(E) ,/K, (2.m) 
-' 0 

.co, 

R"(~)= : I E '  ex 1, ( -  aE)¢(E)  dE . . . . .  (2. I I) 
., (! 

and ,: is a normalization constant ,  chosen to  make  
.¢(, 

j x(E, Q) (IE= ~- 
0 

'['he most  probable  energy loss Ej, is by  definition the value of  E fc r  
which x(E, Q) is max imum.  Maximizing the r i gh t -hand  side of (2.9) 
with respect to ~., we see tha t  Ev--- -QR'(%),  where ~ is the  solution of  

R'"(%)+2Q%,[R"(J.p)]2-:O . . . . . .  (2.12) 

T 2, 
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2(ifi . l . E .  Moyal o, t/.: 

. I N 3 .  " ]?HE ( ) L A S S I C A L  ( T I I ( ) M S O N )  ( ' R O S S  kNEC'I ' IO."  

or(E) the Vollowing L a n d a u  (loc. cit.) we  now  t ake  for cla~sieal 
(Thomson)  cross see$ion (see e.g. Bohr  I918) 

c B Z  d E / E  2 fl)r E0~:2E~E 
N ~ ( E )  d E =  ~ (3.1 

E o .. E . E .  o r  E - > E , , .  

. 2 E ~  

w here /3 = 27r .V " ( 3.2 o . . . . . . . . .  

N is the  n u m b e r  of a toms  per unit  volume ill the absorber ,  tz the mas-~ 
of the electron, • its charge,  z• the charge of the  p r imary ,  v its velocity.  
Z the ' effective ' a tomic  n u m b e r  of  the a b s o r b e r  E o and  Em represent  
average  values for respec t ive ly  the  m i n i m u m  and m a x i m u m  t ransferabh,  
energy  1)er e lectron in an ionizing c(>llisi(>n (see § 5). It  follows that, 

( l /3z BZl 

d E  
¢(E) dE:== E o E~ . . . . . . . . . . . . . .  (3.3) 

Tiffs t 'mss section gives the classical (.x|-)ression fo)' the a, verage energy  
loss in thickness ! 

"~i ~ '~ ~ ,~ L' ",,,dE logE" '  E:~ .Vt E , ( E )  dE --t)ZI -Tr =:/3Zt (3.4) 

known to be too small by  a p p r o x i m a t e l y  a Ihctor  of  "2. The  in~gra l  
diverges if  we make  E m * .:c.. However .  it is f imnd t h a t  for fas t  p r imar ies  
the value of E,, has a negligible effect on the shape  of  the  energy  loss 
dis tr ibut ion curve  ;* this renders legi t imate  the s implifying assumpt ion  
tha t  E,,  is infinite. 

[ t  is convenient  when subs t i tu t ing  fi 'om (3.l) into the expressions of  
.~ '2 t() change to the energy  var iable  e=:=g<E 0 we then  find t ha t  

R ( ~ ) = e x p  ( - - e l - - l -  7. I exp  [--,xe](d•/•); 
- 1 

- -  1 @  . R'(~.) . . . .  I exp  ( - - - ~ ) - -  ; R"(~.) . . . .  R ' " (~) - - - - -  c~ 

. . . .  (3.5) 

Hence X(e, q )  d~= ~ ex l) t 17-r-(2(e ~-- 1)] d•, (3.6) 

e x p [ -  ~c,..-FQ(e .~-1 - -  where c =  J )] 

= e x p  ( - -Q)  Z I Qn~ 1/2 (3°7) 
%/(2n@1) n! . . . . . .  n = 0 , 

* This curve (see fig. 3) consists of a sharp peak centered on Ep (representing 
the statistical effect of frequent collisions with small energy transfer) followed 
by  a long tail of small ordinate (representing the effect of rare violent collisions). 
'Faking the finiteness of E,,  into account merely alters this tail in such a way as 
to make ~ ' <  cc without appreciably affecting the main part  of the curve. 
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Theory  +~1' Jo'nization Fluctuat ions  2t17 

The integral above is taken f rom 0 to oo because c¢ decreases f rom oo to 0 
as • increases f rom 0 t(> ~5. This can be seen from relat ion (2.9) which 
( ; o n n e c t s  e t o  .y. 

e "'+ dx 
0 - - ] + ' ( ~ + ) =  i e ~ - - e i ( - ~ + ) ;  . . . .  (a.s) 

~he exponential  mtegral  El(x) is t abu la ted  (cf. J a n k e - E m d e  1938 or 
Brigsh :I,~'sociatio't~ Tables ]95I) .  For  small values of x, however.  
(c¢~l), it. is more convenient  for computa t ion  purposes to t ransform 
t3.,~) as folh+~ s.  

~ 1" d+<, I" dx 1~ d~c log T. 0=., e +--.+ .!,,(e ~. I)7. .o(e ." -t).V 

9. 

...... +' l(,g ~. i (e ," l) ~l''' 
.' 0 3" 

= - - ( ' - - l o g  ~ 5" ( - - I ) " - -  , . . . . . .  ( 3 . S , t )  

where ~'=:,=~J.577 is Euler's constant .  The mmmricM evMuation of  X is 
tiscussed in the next section in terms of  corrections tbr small Q to 
I,andau's universal distr ibution.  

St+bst.ituting from the above iu (2.12), we fin(t the value of ~.. of  
which maximizes (:/.6) hv solving 

1 
• _'(~ e x p  ( ~.,,)= l - i  - ,  . . . . . .  (3 .9)  

P 

gt'aphically (fig. 1), ml(I the corresponding most  probable  value of the 
energy lone % fl'om (3.6) : e j, is shown as a funct ion of  Q in fig. 2. I t  is 
seen tha t  the equat ion has no solution for Q<2.44 ,  indicat ing t h a t  for 
such low values of Q. x(e. Q) does not go through a max imum,  but. 
decreases more or less exponent ia l ly  ~s ~ increases. However,  the 
accm'ac.~ of the saddle-i)oim approxitm~tion is poor  tbr such low Q" 
for (2:-5. ~e se(' that  ~ . .  ~-13" hence we can aT)praxinmt.e to (3.9) b y  
the equatioH 

( 5  ' 

I 1 I t  . . . . . . .  I . . . . . .  ( 3 . 1 0 )  

wh[,se solttt i<m is tu a 7ood approx imat ion  

1 1 
~-v = 2 Q - 2 - -  2 Q - 1  . . . . . . .  (3.I1) 

Taking t, he first+ t, hree terms in the r ight-hand side of  (3.9) we obta in  for 
the most+ probable energy loss the approx imate  expression 

E+, E--~'0 ( ( , ', (2Q--2)(2(2-- 1)--  I J  ' 2Q--1 l (3.12) =(2 log 2~--, ~ e ~  ) - o +  (p_~- 

which for (22::5 depar ts  by less than l°]o from the value obta ined  by the 
graphica! solutiot~ of  (3.9) (cf. fig. 2). 
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2(48 ,I. V. MoyM u,t the, 

Fig. l 

soO'O ~ 

t O 0 - O  

5(5-0 ! _ . /Q~ 2O'O 

0-,°/ - ~  
C~O0~ O'O05 O'C~ 005 0-I C~S po 

Solution of eqn. (3.9) : the values of %, arc given by the abseis~c of the inl~er- 
sections of  the  curve 14-1/~ with the  curves 2Qe ~ for valm',~,)f'(d 2-44 
5, 10, 20, 50..1()0: there  is 1~¢) h/t(wseeticm (and hence n~) maximum)  
thr (2 2'44. 

Vi~,~. "2 

PO 

,,pc 

/ 

o 

t /  
7 ~f 

.p 

I * I / I  P ~ , l ( ~ O  I - - - - ~  . . . .  I ~ I ! | . . . .  I 
2"~ ! 50-0 I 0 0 0  ~ 0 0 0  1000<)  

Th~ most probable energy loss Ejj (in units (~E0) as a funct ion  of  the  primary 
ionization Q: the full curve is obtained by numerical so lut io ,  o|" 
eqn. (3.9), the d o t t e l  and da,shed curves represent respectively ~;he 
approx ima t ions  of  eqn.  (3.12), and  (4.4). 
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7'heor?t o.f Ionizat ion Ft~ct,ttatim~,s 269 

§ 4 .  THE LANDAU APPI~OXIMA'rloN 

One titlds tha t  for large Q, the major  cont r ibut ion  to X(E, Q) in (3.6) 
comes fl'om small values of  ~ (as we have seen. %, is small for Q>~5, 
and the (qwve for X is sharply  centred abou t  %). Hence. following 
Landau. we obtain  an asympto t i ( '  expression fi)r X valid for large Q by  
neglecting terms of  order  7. (;Oml)are(l t() log ~. : thus, we t.ake 

R(,.) - , . ( ( '  ~ +log ~,.) . . . . . . .  (4.t). 

8ubs t i tudng  these value, s, (3.6) and (3.8 ct) become 

x(~, q) & : :  exp(-q~. )  &, 
c 

eJc& I l I e x l , ( -  ¢2~.) ~ - -  (4.2) g = =  

~I(~-~ 'o  v / ( q  ~)  \"-" 
E 

0 = - ( ! - - l og  ~, . . . . . . . .  (4.3) 

To tile same order of  approx imat ion ,  we may  take  for the most  p robab |e  

values I Ej, £v 
~-v'= ~ and Q - BZt  - ¢ '&log  2Q. (4.4) 

(~hanging to the reduced enewgy variable 
! 1 ,~ p 

% E - - E  v 
.... Q - -  B Z ~  = - - l o g  2q~ . . . . .  (4.5) 

we find the following explicit  expression for l ,an(lau's  d is t r ibut ion 

1 
Xz(OJ) doJ= ~/(27rl--3 exp  { ½[~o+exp  (-- ,o)l} doJ. (4.6) 

The ha!f-width Ato of this  d is t r ibut ion is easily found to be Aoj=-3.58. 
We see thus t h a t  the asympt,  otic expression for X has a ' u n i v e r s a l '  

form independen t  of  Q when the energy is expresse(l in t e rms  of  the re- 
duced var iable  oJ. The accuracy  of this expression has been assessed by  
comput ing  X for small  values of Q fl'om the more  accura te  expression 
(3.6) and  changing over  to the reduced var iable  (4.5) : the  results  are shown 
in fig. 3. Surprisingly,  no appreciable det~arture .is ,lband ,frmn Landau ' s  
distribution .]br Q:>20;  the  depar tu re  for Q = I O  and Q~-5 is indicated 
on the  figure by do t ted  lines. We mus t  mention that, the expressions 
for (4 and  E v above  are not  the same as L a n d a u ' s :  the relat ivist ic log 
rise wi th  increasing energy  is absent ,  because we have  neglected q u a n t u m  
resonance effects (see the discussion at the end of .~ 6). 

§ 5. EFFECTS OF ATOM J(' ~TI~Ir(v.I'ITRE 

In order  to a~sess the detailed effects ~)f the atOlllJe s t ruc tu re  of  the  
&bsorber on the dis tr ibut ion of ionization energy, we shall use a e tude  
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270 ,1. E. Moyal oll the 

classica| m o d e l  we assume tha t  the  classical cross section is valid tbr 
the  electrons in each shell of  the  a tom,  with a min imum t ransferable  energy  

Fi~. 3 

-O.IS 1 

). 
aJo 

¢j . 

Distributiun of primary energy l o s s  the full curve is Landau s universal '  
distribution (4.6), the dashed curve is computed from eqns. (3.6) and 
(3.8), fbr Q = 5  and ]0. 

equal  to the ionization po ten t ia l  of the shell. Let  11 be the ionization 
poten t  iM of the  j t h  electron, j -=  1, 2 . . . . .  Z ; then the  to t a l  cross section 
is 

{0 (r(E) d E =  2! (T j (E)dE ,  with Naj(E)---- / E  2 r E > ~ l j ,  
J=l E < l j ,  

where B has the  same definition as in eqn.  (3.2). Then  

(5.t) 

Q== t o ( z "~ d E  z ! B Z /  N ~ ¢ r , E ) d E - ~ B t  Z = B t  X - -  (5.2) 
• , .~=;, 1.i E2 i=11:~ E a ' 

Z z 1 
- -  2 -  . . . . . . . .  (5.3) where Ea i=1 I j  

,1 Z 
¢(E) d E =  E ,  X a j (E )  dE .  -B-2N and . . . . .  (5.4) 
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Th,.ory of l~miz~ltitm Fluctu,li<>,..s 271 

(!hanging to the energy variable E=E/E,,, and subst i tu t ing in the 
(~xpressions of  § 2, we find R(~.) and hence X(E. Q). I t  turns out  t h a t  an 
asymptotic e.xpression for X similar to tha t  derived in § 4 is valid for  
values of Q~2(I.  Restrict ing our  a t tent ion to this case. we find tha t  to 
l he same order of appr()ximation as in § 4, 

\ E , , I_I '  
Z 

where log E I,-=(1Z ) -Y" log lj. (Note tha t  E :  BZI log (E,,,/E~,) : i.e. in 
) ,  : i 

the present classical model, E, and E~, are the average i(mization polentiaJs 
appropriate for the calculati(m of respectively the pr imary  iouization Q 
and the average energy loss ~v.) We t hell find fi)r the most probable 
values ~t,' ~:l.!2Q~ and henee 

% ' _  E.' 2QE,, 
Q BZt- ( '~+ log E~-~ 

2BZ! 
= - - ~ ' + l o g  E~, (5.~i) 

I nl, ro(luciug the reduced energy variable 

e -  g, E--E~, = - - l o g  2Q~ . . . . .  (5.7) 
w =  Q -- BZt  

we see at. once that. the asympto t ic  distr ibution is exact ly  the same a.s 
bandau's,  namely  

I 
XL(~) d~ ~ ~/(277) exp {---~[co+exp (~ (o)]Id(,>. (5.8) 

Thus, the details of a tomic structure,  with the assumptions made above, 
have no effect on the asympto t ic  dis tr ibut ion* but only modify the 
expression for the average nmnbev of collisions Q and the most probable 
energy loss E~, : these conclusions are not  likely to be modified by anv 
more re~ined theory  of these effects, though we ma y  expect  impr( ,vements  
in the expressions for Q and E , .  

§ 6. QUANTU.~[ ~ESONAN('E [~]FFE(YPS 

The classica| cross section propor t ional  to l /E 2 is valid for values 
of E>~I, the  average ionization potent ia l  of the absorber. I ts  failure 
in case e2/hv=c/137v~ 1 (where h is 1~ t imes Planck 's  constant)  m a y  be 
ascribed to q u a n t u m  resonance effects in d is tant  collisions, which increase 
the cross section for values of  E near  I ,  and consequent ly  approximate ly  
double the mean  energy loss (see e.g. Bohr,  loc. cir., p. 89 for a discussion). 
]n order  to assess the effect of this resonant  increase on the ionizat ion 

* Blunk et al. (1950, 1951) appear to arrive at a contrary conclusion. 
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272 .1 E. M-yal  o'p~ th.~: 

energy dis t r ibut ion,  we shall pos tu la te  (since an exact  expression is not 
avai lable)  a cross section 

B Z  d E  
~ ( E )  d E =  N ( E - I ) ' Z + [  "2 . . . . .  (6.1) 

o f  tim usual form ibr qua t l tum resonance effects. F being tile half-width 
of  the  resonance curve. We expec t  tha t  1"-<1 : hence a is a p p r o x i m a t e l y  
equal to the  classical cross section when E >> ]. In calculat ing the  ioniza- 
tion energy distr ibut ion,  we must set r r (E)--0 for non-ionizing collisions 
where E < I .  Hence 

t "z ' .  ,tL" 1 . . . . .  , z ,  ¢,~=,Y/ a(E)  d E - =  .,~ z F"  "' F : l / ( E  I)2-! F"  " : B Z I .  ,~ - _ - - ,  

2 l"  d E  
6(Z)  , / E  = 

7:, (E - I )  2 ! F ' "  

. . . .  (6.2) 

Tral~s~brming to the e n e r g y  variable  ~ -(E I ): t" a t~(I subs t i tu t ing  in 
lJte expressions of  § 2. we find /;liar 

O " ~( { [  e: ") 

R ( ~ ) =  texl,(-.  ~.~ ) I]1 4 (,  I ÷ (s in~.( : i~----cos~.s iz) ,  (a.3) 
7 7  0 - 7]" 

where Ci ~, si ~. arc the cosine and sine integrals  respect ive ly  ( c f . . l ahnke-  
Emde ,  loc. c,H., p. 3). For  the same reasons as in §5, we need only consider 
the  asympt,  otic dis tr ibut ion.  I t  is easily seen f rom the  series expans ions  
of  Ci ~, si ~ t h a t  to the same order  of  app rox ima t ion  as in § 4. 

R(~)~-  - ~ ( C - -  1 ~ l o g  a.) . . . . . . .  (ti.4) 
~T 

~P - -  4Q ' and hence %(2 - -  ~ gVBZl--1 - -  ¢r- log --Tr - - C  . (6.5) 

Hence we see t ha t  as in §5, if we change over  to the t~duced energy 
var iable  e - -  %, 2 E - - ~ .  rr 

~o-- Q 7r B Z t  = l o g  . . . . .  (6.6) 

then  the a sympto t i c  energy dis tr ibut ion takes the  " universal  ' fo rm 

I 
xL(~) do~ =. V-F2~ exp [--  ~.-[,, + exp (-- ~)3 } d,,.,. (~.7) 

Thus  quantnn~ resonance eflbets too modi fy  oifly the  expressions ibr  q and  
Ev,  but  not t ha t  for X/.(~o). and  here again  a more  exac t  theory  of  these 
effects is unlikely to change these conclusions ( though we m a y  expec t  a 
modification of the expressions (6.2) and  (6.7) for Q and Ev).  .~.n 
es t ima te  of  1' m a y  be ob ta ined  by equa t ing  the  p r i m a r y  ionization ra te  q 
with the value calculated by  Bethe (1933) 

( 2 . c " f l  ~ } 2 B Z  
q =  -~, r + s - ~  ~ = 

1o(1--/3 z) 77 F ' 
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Theory oj' I,,,ization Fhtctmllio,.~' 273 

where fi-v/c, l o is the outer  shell ionization potential ,  r and s are constant~u 
depending on the absorber  (for hydrogen,  r = 0 . 2 8 5  and s=3.04) .  With  
t h i s  e s t i m a t e .  Q a n d  Ep exhibi t  a relativistic log rise with increasing 
energy similar to the  expressions given by Landau (lot. cir.). Alter- 
natively, one may  est imate  P fronl the experimental  values found for q. 

§ 7. TIlE I)! .STEIBU!rl t}:X O F  NUMBI , IRS  (}b" ION I ) A t R S  

The [)roduetion of  ions by a fast  pr imary  part+iete const i tutes  a multi+ 
plieative or branching stochastic process " the electron ejected in a pr imary  
ionizing collision may+ if  it has enough energy, ionize another  a tom ; the 
secondary electrons may  then ionize again, and so on, the l)roeess ending 
when all secondaries have become too slow i,o ionize fnr ther .  We shall 
develop the theory  under  the  asmtmption that+ the eolleetion or recording 
of ions is de layed long enough ti)r the process to terminate ,  so tha t  the 
ion pair dis tr ibut ion per collision is the same for all ,coll isions l~his 
assumption is valid as a rule in ionization or cloud chamber  work" post- 
expansion cloud chamber  t racks form however an exception,  since they  
record only the p r imary  ionization. We shall also neglect ex t raneous  
effects such as inerease in ionization due to acceleration of  the electrons 
in electrode fields and to photoelectr ic  effects in the gas ()r chamber  wMls. 
which become impor tan t  in proportional  counter  work. 

l,et l.hen ,/: I)c lhe probabil i ty tha i  X: io~l pairs are produced it) any 
~iven ionizil~g coll ision, w i th  /,'=. I, 2 . . . .  and ±)lb.= l ;  let, p.(t) be the 
Iwobabi l i ty thal a total  nmnber  , of  ion pairs is wodueed  in an absorber 
~hiekness t, and write q as betbre tbr the I)rimary ionizing collision rate.  
l! fhen t'oll(,ws fr()m assumptions (2. I). ('),.,'~) and (2.3) tha t  

t,,,(tl+t.,)= ~ p~(tOp,,_:(t.) . . . . . .  (7.l) 
i=0  

p,( t+3t)=(1  - - , / ~ t ) 8 , , o + q ! ~ , 3 t  t o ( S t )  . . . . .  (7.2) 

tmroducm~ t, he I~aplace t ransform of t, he ion pMr distwibution p,(t) 
zL, 

M(~, t):= 2 e "~p,,(t) . . . . . . .  (7.3) 
,t ==ll 

we find as ill § 2 tha t  

M(o(., l l - [ - t 2 ) =  21//(o'~, t l )  . z]/](~, /2)  . . . . .  ( 7 . 4 }  

OM(~,t),, ( ~ (e l)q,~} M(~,., t), (7..5) 
m - -  q "~ .... • - • - 

and hence that  

M(~., t ) - - exp  qt 2 (e . . . .  [)q,, = e x p  [QR(:()], (7.61 

where Q:=qt as before, and 

s ( ~ ) =  ) (e -"~-  I)q,,. . . . . . .  (7.7) 
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274 J . E .  Moyal on the 

The inversion of the  Laplace t r ans fo rm (7.6) is g iven by  the well-kamwn 
formula  

[ " C ;  . ~ :  

p~,(Q):  ~ ~ e x p  [QR(z)+nz] dz . . . . .  (7.8) 

This integral  can be eva lua ted  by  the saddle-point  m e t h o d :  the first 
app rox ima t ion  to it  (which m a y  be assumed as p rev ious ly  sufficiently 
accura te  for our  purpose)  in 

l 
p,,(Q)= ~. [2~rQR"(~,,)] ~'? exp  {Q[R(~,)--~.,R'(o%)]}, (7.9) 

where z.,. is related to n by 

, ~R(z~, ) : -Q z. k e x p (  /,:x,)~., (7.go) 
/,' ,.1 

R"(~.) -- ~ / :~  exp (--kT.) qk, 
k= 1 

and c is as before a normal izat ion cons tan t  
oG 
1 ~ / !  / ,'~ Z [2~rQR (~,,)] ~"~ exp  IQtR(~.,) -~ , ,R  (cG)]} 

I a /  
- -  \/(270 I \ ' [ ( d R " ( ~ ) ] e x p  IQIR(z ) - -~R ' (~ ) ]} ,&;  ~t,,,(t). (7.111 

• c G 

The last a p p r o x i m a t e  expression for c is ob ta ined  by the use of Euler 's  
s u m m a t i o n  formula ,  with ~-0, z,) corresponding respect ive ly  b y  (7. I0) to 
n = 0  and ,, ..... 3c. These expressions are close analogues  of  those found 
in §2. Similarly,  the  most  p robable  n u m b e r  of  ion 1)airs is, a~ i1~ §2. 
the number  , ,  (which need no longer be an integer) correspondiug by 
(7.1()) to the solution ~.p of 

R'"(ap)-~ 2(doc,lR"(~.p)]~=o . . . . . .  (7.12) 

§ 8. ION [)AIR ])ISTI~,I.BUTION W1TH THE 

CLASSICAL (;ROSS SECTIO~N 

We shall now develop the theory  of ion pa i r  d is t r ibut ion ibm' t, he 
tollowing cru(lc model  : we assume the classical cross section for ionization 
by the secondary  electrons as ~el l  as by the  p r i m a r y  particle,  an(I wet 
this cross section equal  to zero if the  energy  of the electron is less than  the 
mean  ionization potent ia l  ! of  the absorber .  Le t  E 0 be the energy of 
the  l ) r imarv ])article. E l ,  E 2 . . . .  those of  the secondary  electrons succes- 
sively ejected in the chain, process result ing f rom a single p r i m a r y  ionizing 
collision. The to ta l  cross section or(E; E~.)dE for an ionization energy  
loss between E and E-t-dE by the /:th electron of energy E/, is 

a(E;  E ~ ) =  ~ it' E k ~ . l  and E ~ E k ,  (S.l) 

t 0 if E k < l  or E>E~:;  

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
Pe

nn
sy

lv
an

ia
] 

at
 0

7:
40

 2
5 

Ja
nu

ar
y 

20
15

 



T h e o r y  o |  I o n i z a t i o n  b h w t u , t z o n , "  275 

hem.e, its eollisi(m probabi l i ty  per uni t  thickness is 

-5"  4 r 

T 
~, t, i f  E < a j .  I 

while the probabi l i ty  tha t  it should ,,.t ionize flu'ther in a thickness t is 

f exp t if E ~ I .  
~c(E~., t)==expl A(L'k)t]= ! (8.3) 

1 it" E ~ I .  

The probabil i ty tha t  the p r imary  vollision produce a first electron of  
energy between E 1 and E 1 ~ d E  1 is I d E  ~, (195 1 -~ - I ) "  : hence, the probabi l i ty  
that just  one ion pair  be produced in a thickness t is 

~ l d E 1  1" 
] so(E1, l) (Elq_l)Z - - ½ +  ~ t  [ l - - e x [ ,  (- -rr ,~Nt /21")J .  (S.4) 
. 0 

The second te rm in the r ight-hand side of (8.4) is negligible ibr a n y  
reasonably large value of  t (if e.g. I = 2 5  ev then  for a monoatomie  gas 
rr.~tN/I z -"- 2-8 X 10 z cm -1) ; hence the probabi l i ty  q, of  exac t ly  one ion 
pair per collision is just  the probabi l i ty  t h a t  the  first, electron has an 
energy .< I :  i.e. _ l  q~--~. Similarly, we can simplify the  calculation o f  

q,_,, qz . . . .  by  set t ing K(E, t ) = 0  for E ' . > I  a n d  le t t ing t -~  ~ in the fluid 
result. 

The calculations get progressively more complicated for the succeeding 
q~. details for q2 will be found in the Appendix.  However .  the distri- 
bution a 

q k =  k 2 +  l " ( k =  l, -2 . . . .  ) . . . . .  (s.: D 

(where a is a normalizat ion cons tant  chosen to make Z'q ~=  1) fits a/)prox i- 
mately the  first few qk, and has the right sort  of behaviour  for large /c 
(analogous to the l I E  2 law for the  dis t r ibut ion of energy loss per collision). 
The value of a m a y  be obta ined from the formula  (see e.g. Knopp I.q2S) 

1 ~co th~r - -½-=l .077-  hence a~.0-929. (8.~i) 

The distr ibution q~ is independent  of  1 : this gives us some confidence 
in its approximate  val id i ty  in spite of the negleetion of  inner shell contri-  
butions. In  fact,  i t  appears  f rom a rough est imate  of the la t ter ' s  effect, 
using the model of § 5, t ha t  the ~/~ are not  appreciably modified, provided  
that the inner shell ionization potentials are much greater  than  tha t  of 
the outer  shell. 

Subst i tut ion of (8.9) in the expressions of  § 7 gives 

I ~' e - ' ~ ° ' -  1 1 <' k e - k~  1 ~:~ k 2 e -/':ct 
P 

- R ( = ) -  2 /c2+. t ; - R ' ( : ( ) = - -  k 2 ? l  a (~)~--~ £ 

. . . .  (8.7) 
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2 7 6  ,I .  E .  Moyal or# the 

The series above converge very slowly fo r  small values of a.; for the 
purposes of computa t ion ,  we t ransform the last two as follows : 

] ~ e - k a  so e L. t • ( ,  A ' a  

Z - /.21 "). ] 7 R ' ( ~ ) =  ~ , k ( ~ . ~ l )  j.=j I,, i + ~ . 2 - Z i ) + i , , g ( I  e ~. i (s .s )  
I ~ ~ e J,-,a 1 I I 

R " ( ~ ) =  Z e k~_. £ . . . .  i ~.=, /, '"~ i e~ - i  , , [ R ( ~ ) + i J .  7, J 

For values of ~<0.04,  i t  is m o r e  (;onvenient to oonipnle bv nuinei'ical 
integrat ion from the following t rans f i ) rn led  expression ' 

] i ..... sin (0- ~) 
f i [ R ( ~ ) -  IJ== I e<'--I dO 

= - e o s  .~- - / , ,2  f. I 

× ~log ( ] - - e  ~) -t- 
L 

,"~ sill O 
I l i ~ < / O ~  "s in  .:,. 

~,  1 i= l - - c o s  0 
~=, h,(k"~- i) o ~ ,t0 ?, 

i ,(~.)=. .... - ( cos (O-~ )  { ~2 1 ,=s in0 ~ 
a e ° - 1  dO . . . .  s i n  ~ I ~ <lOp 

. . , ~ .  ik2-t - I  3 0 ( ,  J 

-i-c()s~. [ o g ( I - - e  ~)q- X k(k"--4-l) -@7-i dO 

(s.9) 

The subst i tut ion of these expressions in (7.9) and (7.11)), taking 
Q:-BZt/ I ,  yields the ion pair distr ibution p,,(Q): in order  to compare  
it with tha t  of the  ionization energy, it is importanl  t() ew~luate its 
asymptot ic  expression for large Q. It is easily seen from the trans- 
formed expressions (S.~.t) tha t  to the same order  ()f appi'()×inlation as 
in §4, 

s ] . J l l J  s 

R(~) , - - -a~ (b - i - i - h>~  ~)" %, - 2(2a Q<--7 . . . . . .  b-l-h)g 2(,h,," (8.1l)) 

Wllei'e a is defined I>y (S.6) and b = : Z ~ l i k ( k " +  - I)--o.fi72. Suhstil, uting in 
(7.9) and cha,ngillg to the reduced variable 

(¢) ~ = :  - -  

t 

'n ~tj, hig 2Q.~., 
Qa 

. . . . .  (s.i i) 

wc are led again, as m the case ()f ionization energy, to I ,andau's  
universal " distribution " t ha t  is. we find that  

~,V h e i t ' e  

J (J~ %"~ 
~',,(?)= ~ x~, \ <2. 1'  i 

l I" 
X,.(<") .... \ / ( . 2 ~ ) e x p  l - - ~ [o ) - f - exp  ( - - ~ ) ] I .  I 

J 

(s.12) 
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Theory q/" lonizatio~ Fluctuations 277 

'['he dev ia t ion  f r o m  L a n d a u ' s  d i s t r i b u t i o n  for  smal l  va lues  o f  Q is 
~omewhat m o r e  m a r k e d  t h a n  is the  case for  t he  e n e r g y  loss  d i s t r i bu t i on  : 
it is s h o w n  in fig. 4, where  Qap,(Q), c o m p u t e d  from express ions  (g.S) 
and (8.9) for  Q==20, is p lo t t ed  aga ins t  o>. 

Fi~. 4 

,, Q =20 

, , , , ,Q=5O 

- 2"0  0~0 2"0 4"0 

6. /  

6"0 lad ~00  

Dist, ributAon of number~ of ion pair,- : t.he lull curve is Landau ,s  distributi()n 
(8.]2), curve (i) is computed with the classical cross secti()n. §S lot 
<2~20. curves (ii) and (iii) with ~he quan tum res()nance e)'()ss secti(m, 
§ 9, fin" (,~: 5() and respectively 9::()-17 and ()'5(). 

N .~ 9. lo.x PAII¢ I)Is'riiLBUTIOI~ WiTH (,~,UANTUM ~,ES()NAN('E E~'VFCT,' 

The  effect of  ( t m m t n m  resonance  is to  inerease  the  I ) r imary  e n e r g y  
h)ss cross sect ion for  va lues  of  t he  ene rgy  near  t he  ionizati<)n po ten t i a l  l .  
and hence  to  inerea,~e the  prol)al ) i l i ty  q: o f  ])n)(hming a single ion l)air 
per co[[isi()n, t '~epeating the  ca lcu la t ions  of  ~S with the  cro~s sec t ion  
(6.1) for  t he  p r i m a r y ,  and  the  classical  eross  sect ion for  t he  (slow) e jec ted  
c lee tnms,  w'e find t h a t  

' J d E .  2 I 
21 [ Eo '~  F'-' t m r  1 _  (9.1) 

- -  1 o , - -  • . . . .  q l -  : ,  w F 

FcJr re la t iv i s t ic  p r imar ie s ,  where  I /F  is large,  we h a v e  a p p r o x i m a t e l y  

2 F  
q~ ~-- l - - -  - (9.1 a) 

7T I . . . . . . . .  
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27~ . I .E .  Moyal ,m tht~ 

Continuing the calculations in the same way, one finds that  the distri- 
but ion q~. can be fitted approx imate ly  by the relation 

qk=g ~ , where ' q = - ( 2 - - a i  7 = h i ' q 0 7 '  ( k = 2 . 3  . . . .  )- (9.2/ 

one can easily verit~y that. _Vlqk=l. This may  be in terpre ted  by saying 
tha t  at  every  collision there  is a chance l--ff of a resonant  collision, and 
a chance .q of a non-resonant  one. given which the distr ibution of ion pairs 
is the same as in § 8. 

Let  us now write R,,(c,.), Rc'(~), etc. tbr the expressions found  in § S, 
and R(~(e), R~'(e), etc. for those corresponding to the q u a n t u m resonance 
cross section. I t  then follows from the  foregoing that. 

R,~(~.)=(1--ft)(e :~ I)-i .qR,.(~): Ru ' (~)=: - - ( l - -g)e-~-gRc ' (¢¢) ;  (9.3) 

~ l r l ( l  S O  O 1 ~ .  To the same order  of approxim~t ion  as in § 4. we then have 

R , , ( z )  . . . . .  ( l - - f / ) ~ . 4  ~ta~(b-- 1 ~ log ~)" I 

Ru'(~ ) . . . .  ( l - f f )q-f fa(b  i-log ~): etc. J 
and hence 

l [ 1 t _ i ( , . . 1 Q  I ' ;  n.~, : Q [ 1 - - . ¢ + g a ( l o g  2Qga--b)]. (9.5) 

where Q=~BZt/2F. Subst i tu t ing  in (7.9) in terms of the reduced 
variable 

n--np'  _---log 2Qga~., . . . . .  (9.6) <o ~ Qga 

we find as in § 8 t ha t  

l [ n - -  n , , '~  

t9.7) 
1 

where Xt,(~o) .... V,(2~. ) e x p ( - - ~ [ ~ - i - e x p  ( - -~ )3 } .  

The  deviat ion f rom Landau ' s  distr ibution is more pronounced  than  is 
the case with the ion pair  dis t r ibut ion found in § 8, bu t  is still not  ve ry  
marked. This m a y  be seen in fig. 4, where the curves of  Qgap,,(Q) as 
a f lmction of  ~, computed  from expressions (9.3), are shown for Q = 5 0 ,  
.q~ 0.5 and .q--~ 0.17. We m a y  remark  t ha t  if F is eva lua ted  by  equat ing  
q ~ r B Z / 2 F  to the exper imenta l  values of  p r imary  ionization (cf. §6), 
one finds t ha t  near minimum ionization g is approx imate ly  equal to ~ fi)r 
mos~ gases. 

The tendency  of  the ion pair dis t r ibut ion to the same (Landau)  
dis tr ibut ion as the p r imary  energy loss accounts  (at least in the case of  
fast  primaries) for the exper imenta l  fact  t h a t  the energy lost per  ion pair  
is a constant ,  approx imate ly  independent  of  the  p r i m a r y  energy"  
furthermc~re, we m a y  presume tha t  this result  is not  sensitive to the 
actual  value of  the cross section, since i t  holds for bo th  the classical 
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(§S) and the quantum resonance (§ 9) cross sections. Comparing the 
e_,cpressions for ~o in § § 8 and 9 with those respectively in § § 4 and 6, we 
see that  the energy per ion pair must be approximately equal to the 
average ionization potential. This is substantially less than the experi- 
mental values (of the order of 35 ev), presumably because the latter 
refers to total energy loss, including excitation of the atoms, whereas our 
calculations refer to energy lost by ionization only. Furthermore, the 
use of a single average ionization potential is undoubtedly a very rough 
approximation, especially at the higher atomic numbers, where inner shell 
ionization and excitation, Auger effects and the like nmst contribute 
substantially to ionization and primary energy loss. We cannot in fact 
expECt the theory in the present section to have more than qualitative 
validity for elements heavier than helium. 

§ 10. (!ONCLUSIONS 

\.ire conclude from the foregoing : 

(1) That Landau's 'un iversa l '  distribution appears to be valid for 
both primary energy loss and numbers of ion pairs, which explains their 
proportionality in the ease of fast primaries. 

(2) That it remains valid down to unexpectedly small values of the 
primary ionization Q. 

(3) That none of the effects considered in this paper (atomic structure, 
quantum resonance, proportionMity of numbers of ion pairs to primary 
energy loss) explain the exi)erimentally found deviations from it. 
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280 On. the Theory  o f  Ioniza t ion  Fluc tua t ions  

A P P E N D I X  

Calculation of  q2 

In  order to eva lua te  q~, we note  first t h a t  the  p robab i l i t y  t h a t  electron 1, 
of  energy Et>~I ,  suffer an  ionizing collision be tween thicknesses • and  
" r+dr ,  t he reby  producing  electrons 2 and  3 wi th  energies respec t ive ly  
between E 2, Eg.+dE~ and E3, E 3 + d E 3 ,  where Ea-- - -E1- -E2-- I ,  and  t h a t  
electrons 2 and  3 ionize no fu r the r  be tween thicknesses "r and  t, is 

K(EI'r ) . N a ( E  2 ; E l )  dE  2 d'r . •(E 2, t - - ' r ) .  K ( E I - - E ~ - - I ,  t-- 'r) ,  (A1) 

where a and  K are given respect ive ly  b y  eqns. (8.1) and  (8.3). We  then  
obta in  q2 b y  mult iplyfi lg (A1) b y  the  p robab i l i ty  d is t r ibut ion  I d E 1 / ( E I + I )  ~- 
of electron l .  in tegra t ing  wi th  respect  to E~ (from 0 to E I - - I  ), to  E x 
(from I to ~ ) ,  to 7 (from 0 to t), and  finally mak ing  t -+  ~ :  thus  

"~ ] d E  1 . t+E~-- J 

q2= lira t f K(EI' "r) d'r ] a (E  u ; E1)K(E2, t---r) 
t . . . . .  I ( E l + l ) 2  0 . ,) 
X K ( E ~ - - E 2 - - I ,  t -- 'r)  dE  2 . . . . . . .  (A2) 

The  only posi t ive  cont r ibut ion  to q2 in the above  comes f rom the t ango  
of values  of E 1 and  E z which make  E 2 and  E a = E I - - E 2 - - I  bo th  < I ,  
and  hence 1 < ~ E 1 < 3 I .  I f  E~>~3I, then  one a t  least  of  electrons 2 and  3 
will have  an energy ~ I .  and  will therefore  ionize fur ther .  I f I ~ E l < 2 I ,  
then E 2 - ? E a < I ,  and therefore  bo th  E 1 and  E2 are < I ,  and  will no t  
ionize ; hence, we get  f rom tiffs range  the cont r ibut ion  

.~i [dE1 _ l 

, i ( E l + I )  2 6 

I f  21 ~ E t < 3 1 ,  t hen  the  r equ i remen t  t h a t  E , , < I  and  E 1 - - E 2 - - I < I  means  
t h a t  the  range  of Ez mus t  be l imited to E - - 2 I < E 2 < I .  The  last  two  
integrals in the  r igh t -hand  side of  (A2) yield in this range  

• ~ -I ~E~N dE  s E l ( 3 I _ _ E 1  ) 
t e x l ) [ - - ; ~ ( E a ) r ]  d'r = " 
. , ,  . E, 21 E l  ( E 2 + [ )  2 2(E1--1)  2 ' 

in tegra t ing  with respect  to E~, we obta in  the  cont r ibu t ion  

• :~IE1(31_E1 ) 1 d E  1 _ 1 1 log 3 .  
- .>I 2(E1--I)2 " (E1+I )2  12 8 

Adding these two contr ibut ions,  we finally ob ta in  
1 1 3 

q~= 4 8 log ~ ----0.199 . . . . . . .  (A3) 

Note added in p~voj'.--(?ontrary to the conclusions stated above, it now 
appears from a critical analysis by Dr. E. P. George of the available experi- 
mental  data  tha t  agreement with the theory is substantially improved, at  
least for gases, by  the results of § 6 (owing to the broadening of the scale for 
the reduced distribution by a factor ~r/2 : cf. eqn. (6.6)) ; this was also pointed 
out to me in a letter by  Dr. B. T. Price. I t  now seems possible that ,  with the 
introduction of a more exact cross section, the theory should account for all 
the facts. 

Dr. U. Fano has pointed out tha t  the approximate distribution (4.6) doe~ 
not agree with Landau's  numerical evaluation for large to owing to the break- 
down of the saddle-point method in this range. This is not very important, 
as regards comparison with experiment, because the frequency of events with 
energy ]oss greater than twice the probable value is small (of the order of  5%). 
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